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Abstract 
An analytical expression for paraxial trajectory starting in a magnetic field was obtained. Numerical simulations of non-paraxial 
trajectories in Glaser’s bell-shaped magnetic field were made. The initial momentum of the electrons was taken into account. The
position of the object – the electron source – was changed and the energy of the electrons was also changed. The problems of 
detection efficiency are discussed.  © 2008 Elsevier B.V.
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1. Introduction 
The theory of electron movement through magnetic fields attracted scientists’ attention before electron optics was 
established as a discipline. It may be noted that in 1922 the Russian physicist Boguslawski in the work: “The paths 
of electrons in electromagnetic fields” [1] considered non-uniform magnetic fields where the angular rotation 
momentum is conserved. 
In 1923, P.L. Kapiza proposed the use of a uniform magnetic field for measuring an electron impulse [2]. 
In 1943, Grünberg developed a general theory of the focusing action of electrostatic and magnetic fields [3]. By 
describing the path of the main trajectory (radius of curvature and radius of rotation) and knowing the potential 
distribution along the main path, one can find the paths of adjacent trajectories (3 components of velocity vector) in 
the field of arbitrary form. Later Sturrock and Kas`yankov [4, 5, 6] developed the theory of electron optical systems 
with a curvilinear axis. In magnetic fields, the energy and speed of an electron doesn’t change, i.e. the sum of 
Lorentz’s forces directed along the axis (longitudinal component) and perpendicular to the axis (circular component) 
remains constant. 
In the 1940s, Landau [7] showed that, if the field is not quite uniform, i.e. the field might change a little with the 
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distance comparable with an orbit radius and orbit pitch, an electron will try to follow the field lines. Moving in the 
direction of increasing field, an orbit radius decreases as 1/B1/2, where B is the induction, and the pitch decreases too. 
Another interesting result is that the orbit centre (gyration centre) drifts perpendicular to the magnetic field. Landau 
published the expression for guiding centre drift, which depends on the radius of curvature of the field lines. 
At the beginning of the 1970s, a physics group from Moscow State University [8] demonstrated an opportunity to 
extract electrons from a hole in the SEM specimen by using a magnetic field. 
Kruit and Read developed the expression for guiding centre drift and deduced a formula in integral form for such 
a displacement, in dependence on the magnetic field properties [9, 10]. This enables the design of a system with as 
little drift as possible, but with curved lines of magnetic field. Such magnetic fields, with diverging flux lines, can be 
used to guide electrons to a detector or an energy analyzer. 
It is clear that an image is formed in a long lens like in a uniform field [11]. A basic trajectory starting 
perpendicular to the object serves as a curvilinear axis for adjacent trajectories focusing on it. 
It was found that a monopole field considered by Boguslawski [1, 10, 12] has the remarkable property of 
providing is absolute conservation of magnetic momentum even in very non-adiabatic conditions. The expressions 
for aberration coefficients of the monopole field were obtained in [12]. 
A lot of practical results was found in the works [13,14,15], but let us consider some theoretical results using 
Glaser’s magnetic field distribution. 
2. Paraxial trajectories 
Firstly let us analyze the motion of paraxial trajectories. The equation of paraxial motion in magnetic field [16] 
can be written thus: 
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Here B(z) is the axial distribution of magnetic induction, e and m are the electron’s charge and mass respectively, C
is the initial canonical angular momentum, and U is the electron’s initial energy. 
Let us consider electrons starting with the same energy U from the object point r0, at initial angle T0.  Moreover, 
we restrict our consideration to the basic trajectory: (dM/dz)0=0, rbƍ(0)=0 and as one can see from (2) we obtain the 
value of C = eB(z0) r02/2m. So the equations (1) and (3) can be rewritten as 
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If C = 0, i.e. electrons start from the object displaced outside the magnetic field, the expression (1) becomes linear. 
Using the substitution u =rb exp(iD), where D is the additional angle of rotation of meridian plane: 
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and D (z0) = 0, one can express the trajectory adjacent to it and get a linear equation: 
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If u1 and u2 are  the linearly independent solutions of the linear equation with the initial conditions 
u1(z0) = 0 ,     u1ƍ(z0) = 1 (8) 
u2(z0) = 1 ,     u2ƍ(z0) = 0 
then the solution of the equation (1) can be found, because in the image plane D (zi) = 0 again [16]. Let the initial 
conditions for r and M  be given by: 
r(z0) = r0,     rƍ(z0) = T0
M(z0) = 0,     M ƍ(z0) = 0 (9) 
Then the solution of (1) can be written thus: 
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and the basic trajectory is described by: 
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Let the trajectory of an electron starting from the specimen go through the magnetic lens described by Glaser’s bell-
shaped field distribution [17]: 
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This lens has a field strength with maximum value Bm located at the origin of the coordinate system, and a half-
width of a. Then u1 and u2 have the following form: 
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So, the analytical solution can be obtained for r(z)/r0 for equation (1) with the Glaser field. 
Let a circular detector with inner radius r1 and outer radius r2 be located at a distance zd from the centre of the 
field. Not every paraxial trajectory starting with energy U and angle T0 can reach the detector. 
To take into account possible changing of the lens excitation to focus a primary beam, it is reasonable to use k = 
(ea2Bm2/8mU)1/2 instead of U. It is desirable to study a wide range of values of k. As an example, the case of low k
values corresponds to the acceleration of the emitted electrons as it takes place before it enters the magnetic lens of a 
low voltage SEM. 
The paraxial trajectories for the case k = 35.57, and the case k = 3.65 are plotted in Fig. 1. The image plane 
position zi for the trajectory r(z) is given by the condition u1(zi) = 0, and consequently the position of the n-th image 
plane can be found from Iin=Io-nS/(1+k2)1/2. Then paraxial trajectories r(z) focus on the basic trajectory that serves 
as a curvilinear axe for them. This circumstance allowed the authors of work [15] to restrict their consideration only 
to axial paraxial trajectories. 
Fig. 1. Paraxial trajectories in Glaser`s field for    (a) k=35.57, z0=1.5a;    (b) k=3.65, z0=1.5a;    (c)  k=3.65, z0=0;    (d) k=3.65, z0=3;
1 = u1 ,    2 = u2,    3 = basic paraxial trajectory rb,    4 = adjacent paraxial trajectory r. 
(a)  k=35.57, z0=1.5a 
(b)  k=3.65, z0=1.5a
(c)  k=3.65, z0=0
(d)  k=3.65, z0=3
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The next useful parameter is a linear magnification. Using the Wronskian [17] one can obtain 
M = r(zi)/r0 = u2(zi) = 1/u1ƍ(zi) (17) 
If the outer detector radius is given, then the region with the radius r0 not bigger than r1/M on the object is imaged 
with the basic trajectories, and the parts of the surface with normal orientation to the optical axis may be slightly 
brighter than the parts outside. (The straight linear trajectories are not taken into account.) 
The results of paraxial ray tracing the radii of impact points in the detector plane are shown in Fig. 2, as a 
function of the initial energy U and the angle T0/r0 for middle k values (k = 35.57). Only the electrons with starting 
parameters below a contour line hit the detector. That means that not all the emission angles are detected. If the 
emission angle is zero then only the basic trajectories are detected. The maximal value of emission angle was 
accepted to be unit because one couldn’t have defined the maximal value of this paraxial angle range a priori. In this 
way, the parameter of the contour line corresponding to the maximal emission angle is proportional to the maximal 
value of the radial coordinate of the adjacent trajectory in the detector plane and characterizes the radius of rotation 
of this trajectory. The parameter of this line can be useful to choose the r2/r1 ratio. 
 (a) (b) 
Fig. 2.  (a) Contour lines as a function of paraxial initial angle and energy near image plane zd = 12.9a, zi = 12.15a, 
(b).Contour lines as a function of paraxial initial angle and energy;  zd = 5.25a, z0 = 1.5a, 
As an example, the contour line map in Fig. 2(b) shows that if one chose r1/r0 = 2.5 and r2/r0 = 5, then 
approximately 40% of electrons starting with positive values of angle from the same point at the specimen can be 
lost (0.35 < T0/r0 < 0.75). It is a remarkable fact that electrons starting with smaller values of initial angle are not 
detected while ones with larger values are accepted. 
It would be very desirable to locate the coaxially arranged detector close to the image plane of the SE, but it was 
shown in [15] that an energetic gap (Fig. 2(a)) can be curvilinear and the collection efficiency can be low because of 
the aberration influence. 
It is better to move the detector farther from the lens for low k (Fig. 1(d)). Then one can collect some of the 
electrons starting from the axis (C=0) and choose a proper ratio r2/r1, but one has to have the inner detector radius 
less than u1(zd). The basic trajectories for this case follow the flux lines. 
Contour lines for small k values are horizontal lines, and for large values of k are vertical lines. The wider the 
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range 'k/k and the larger the value of k, the larger the number of the energetic gaps at the contour map like that 
represented in Fig. 2(a). 
Such contour map is used to define the integration limits when the collection efficiency is determined but it 
would be more useful to take into consideration aberration influence. 
Contour lines set for a low voltage SEM have been plotted in the work [15] but they are different. 
3. Contrast-transfer function for SEM and critical dimension problem 
Let one use the system of two detectors displaced at different distances along the axis with a “dead” gap between 
them. Let the emitted electrons’ energy distribution be uniform. The smaller the outer radius of the outer detector, 
the narrower the detectable range of emission angles one has. (The existence of this “dead” gap is explained by a 
detector inner radius r1 finite size or a wrong choice of r1.)
The mechanisms of topographic contrast in SEM for backscattered electrons and for secondary electrons are 
different. But there is an essential distinction between trajectory contrast contribution and the contrast determined by 
an emission process for each mechanism separately. 
The SE emission from the specimen part perpendicular to an 
electron optical axis and from the part of the specimen surface with a 
slope differs because the SE escape depth is less for a tilted surface. If 
the edge profile of the step changes steeply but has a constant radius 
of curvature rc (Fig. 3), then the SE signal 1 is proportional to the tilt 
angle change and the coordinate along scan line x.
The contribution of trajectory contrast in detection efficiency is 
defined by the simple fact whether the electron with given before 
emission angle is detected or not. 
As a result, the contrast transfer function will have the form 2 
pictured in Fig. 3. Even so, the diffusion contrast is not present and 
the angle of a slope T1 is inside the range of detection ability, the 
surface parts with steep topography profile is imaged inadequately in 
a detector system using extraction of electrons through a magnetic 
lens. It is difficult to say if such a shape of the contrast function is 
universal or not. Every SEM detector system has its own contrast 
transfer function, and it has a great influence on the video signal in 
line-width measuring and critical dimension problems. 
4. Non-paraxial trajectories 
Electron trajectories (basic trajectories) start normal to the specimen with different radial distances and others 
start with different initial angles (adjacent trajectories). In such a way, an opportunity for electrons to go through the 
lens is in question. Non-paraxial secondary electron trajectories have been calculated in the Glaser magnetic lens 
field (Fig. 1) for different axial positions of the specimen, using a fourth-order Runge-Kutta procedure. The results 
of numerical simulation of non-paraxial trajectories have been compared with paraxial analytical solutions. The 
analytical solutions of paraxial trajectories equation with different values of angular component of the generalized 
momentum C has been taken into account. Meanwhile, electron motion conditions through the region around the 
field maximum are expected to perturb the adiabatic field condition [9, 12]. 
Fig. 3. Schematized signal profile in SEM 
describing edge signal along a scan line.   1is 
the signal without diffusion contribution S v
secT0.   2 is the signal taking into account the 
existence of angular Ta gap. 
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Then the emitted electrons come back to the specimen. Only some cases were studied. So for k=35.57, z0= 1.5a, 
C=2103e, the size of the emission region r0 is 0.055a. This number doesn’t coincide with the value given by the 
adiabatic condition r0/a=(B(z0)/Bm)1/2 (0.56a). As for the T0 value, one can conclude that the adiabatic field condition 
T0 = asin(B(z0)/Bm)1/2 works satisfactory only for negative values of emission angle, i.e. the electrons fly to the axis. 
In another case with the same parameters but with another object position, z0 = 0.0001a, the maximal size of the 
emission region was r0 = 0.3a, which doesn’t agree with the value given by the adiabatic condition, but the angle 
corresponds to it well. It is 0.9 rad. 
As long as the axial field distribution has a strong value in the plane of the specimen position, a crossover does 
not occur. The basic trajectory can go close to the electron optical axis, but it does not cross the axis. 
There is another interesting result. Basic electrons follow along the lines of effective Störmer potential only for 
large values of the excitation parameter k and where the field strength is low. Then the amplitude values of the radial 
coordinate for such trajectories are small. The adjacent trajectories which started from the same point cross the basic 
trajectory often, and multiple images are formed. The number of image planes decreases for small k values (Fig. 
4(b), (c), (d), (e)) and the amplitude of the basic trajectory radial coordinate variation has a rather high value, but 
only for a specimen displaced before the lens centre. 
Only trajectories starting with small angles can focus on the basic trajectory because the basic trajectory serves as 
a curvilinear axis for them. The trajectories starting with large angles suffer strong influence of aberrations and the 
corresponding image point deviates from the basic trajectory, especially for small k values. If the detector sizes are 
not chosen properly, the detector efficiency can be very low.  Secondary electron collection efficiencies were 
calculated for different initial angles and initial energies. Animations were written on the discussed topics. 
(a)    z = 1.5a,    r0=0.055a,    T0=0.2rad. 
(b)    z = 0.0001a,    z0= 1.5a,    k=35.49y35.57,    r0=0.3ɚ,    T0=0.9 rad. 
Fig.  4. Electron trajectories through magnetic field of Glaser lens: with different object axial positions. 
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(c)    z = 1.5a,    k=3.65,    r0=0.3a,    T0=0.3 rad. 
(d)    z = 0,    k=3.65,    r0=0.6a,    T0=0.5 rad. 
(e)    z = 3a,    k=3.65,    r0=0.6a,    T0=0.25 rad. 
Fig.  4. (continued)  Electron trajectories through magnetic field of Glaser lens: with different object axial positions. 
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5. Conclusion 
Simple formulae for secondary (SE) or backscattered (BS) paraxial trajectories were obtained. They can be used 
for fast evaluation of detection properties. It was shown that there can be an energy gap in the region over which the 
integration of the number of the electrons emitted inside angle and energy ranges is made. Usually such gaps occur 
close to the SE or BE image plane. It is not so important for large k values, where the range of the parameter r/r0 of 
the contour lines variation is small and the influence of aberrations is also small. But if the range of k variation is 
large enough, the number of image planes for different k and consequently the number of energy gaps inside this 
range can be multiple. These results can be useful for qualitative estimation of the collection efficiency. 
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